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Abst rac t - - In  this paper, we consider the questions of countable addltivity of measures induced by 
stochastic dhCterential equations on Hilbert space and also study the question of the existcffiu:e of their 
asymptotic limits. We study the stability of these measures with respect o structural perturbations. 
In particular, we establish continuous dependence of these limit measures with respect o the generator 
of the semigroup, the initial measure, the initial covariance operator, the ~ o n  operator and 
combinations thereof. The author is not aware of any such studies conducted in the literature before. 
INTRODUCTION WITH NOTATIONS 
The system we consider is governed by stochastic differential equations of the form 
dx = Az dt + a dW, 
• (o) = ( I)  
where A is the infintesimal generator of a C0-semigroup in a Hilbert space X and a E £(E, X) 
defines the space of bounded linear operators from another Hilbert space E to X. The process 
{W(t),t  > 0} is an ?t-adapted E valued Brownian motion on a complete probability space 
((2, ? ,  ?~ T, t > 0, P) furnished with a current of increasing a-algebras ?t,  t > 0. The covariance 
operator Q of the process W given by Z{(W(t), e) 2 } =_ t (Qe, e) is positive, that is Q E £+(E). At 
times we shall also assume that it is nuclear which is denoted by writing Q E £+c(E). Let B(X) 
denote the topological Borel field of subsets of the space X making (X, B(X)) into a measurable 
space; and A4(X) the space of bounded (positive) measures on B(X). 
For a Banach space X and a given pair of numbers M > 1 and w E R, we shall use {~(X, M,w) 
to denote the class of infinitesimal generators of C0-semigroups {T(t),t _> 0} in X satisfying 
[I T(t)Jl~(x) -< Mexpwt,  t >_ 0; see [1]. For any operator A with domain and range in X, we shall 
use p(A) and a(A) to denote the corresponding resolvent and the spectral sets respectively. 
COUNTABLE ADDITIVITY OF MEASURES 
It is clear that, under the given assumptions, the system (1) has a mild solution given by 
x(t) = T(t) x0 + T(t - s) a dW(s), t >> O. (2) 
Note that a Brownian motion W is nowhere differentiable and, hence, the notion of a stronl 
solution has no meaning in the context of stochastic differential equations even in the finite 
dimensional spaces. Define Qq - ~ to be the positive square root of the operator a Q a* E 
L+ (X) and introduce the deterministic control system 
dx 
- -  - Az  + Qqu,  t > O, 
dt 
where p is any fixed number satisfying 1 < p < c¢. 
. e X), (i ') 
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LEMMA 1. Consider the system (I) and suppose X and E are two separable real Hi]bert spaces, 
A • g(X, M, w), er • £(E, X), and W is an E-valued Wiener process with the covariance operator 
Q • £+(E). Suppose zo is Gaussian, with mean mo• X and covariance Po • £+(X), independent 
of the process W. Then the process #c, given by the m//d solution (2), is a (generalized) Gauasian 
process with mean re(t) and covariance P(t), t _> 0, given by: 
re(t) = T(t) too, t >_ O, (3) 
and 
/0' (P(t)~,~i)=(PoT'(t)~,T*(t)~l)+ (Qa*T* ( t - s )~,a*T* ( t - s )q )ds ,  (4) 
for ~, y} • X, with P(t) • £+(X) for a/] t • [0, oo). 
Furthermore, if the deterministic control system (1') is approximately control]able, then z is a 
nonsingu]ar Gaussian process. 
PROOF. Since sums of linear transformations of Gaussian elements are Gatumian, the process 
x given by (2) is Gaussian. We prove the remaining assertions. Under the given mmumptions 
on A,~ and Q, it is clear that for ~ • X,E(fo(dW(s), a*T*(s)~)) 2 < 0o and, hence, scalar 
multiplying (2) by ~ • X and taking expectation, we obtain E{(z(t),~)} = (m0,T*(t)~). Since 
m0 • X and ~ is arbitrary, we have re(t) = T(t) too. Then, considering x(t)- re(t) and computing 
the expression appearing on the left of the following definition, 
E{ ((x(t)  - re(t)),  ( (x(t)  - re(t)),  7)} - 
we arrive at the expression (4) for ~, ~/e D(A*). Since ][ T*(t)II = [] T(t)[] < Me ~t, a e £(E, X) 
and Q • £+(E), the integral in (4) is bounded for all ~, 7/• X. Thus, the assertion follows from 
denseness of D(A*). Clearly, P(t) • £+(X) for all t • [0,oo). For the last assertion, we note 
that if the system (1') is approximately controllable then the reachable set $~(t), given by 
( /o' ,} 7~(t)-  ~•X:~= T( t - s )  Q,u(s)ds,  u•£~°c([O, oo),X , 
is dense in X for each t > 0, see Theorem 5.2.6 of [2]. Therefore, for each finite t > 0, the 
covariance operator P(t) is strictly positive and its null space N(P(t)) = {0}. Hence, the process 
z is nonsingular. This completes the proof. | 
REMARK 2. Note that the first equation is the mild solution of the evolution equation (d]dt)m = 
A m, m(0) = m0; and P is the solution of the operator equation 
d 
--  P(t) = P(t) A* + A P(t) + a Q ~*, 
dt 
P(O)=Po, (5) 
in the sense that 
d (p(t) ~, ~}) = (A* ~, P(t) ~i) + (e(t) ~, A* TI) + (Q ~r* ~, ~r* 0), t>0, (6) 
for all ,~, r/E D(A*). 
Under the assumptions of the lemma, the process {z(t),t _> 0} is Gaussian with values in X 
and the characteristic functional of z(t), for t finite, is given by 
~l(~) = ei(T(t)m°'O e-(l/2)(P(t)~'~), ~ E X. 
This functional satisfies the properties: (a) ~t(0) = i, (b) ~ --~ ~,(~) is continuous, and (c) it is 
positive definite in the sense that 
- o, (8)  
l<i,j<k 
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for all complex {ai, 1 < i < k} and k < co. According to Bochner's theorem, in the case that X 
is finite dimensional, these conditions are necessary and sufficient for the existence of a countably 
additive Gaussian measure pt on B(X) so that 
IP(~) --/x eiC='() pt(dz). (9) 
However, in the infinite dimensional case, according to Minlos-Sazonov theorem [3], it can- 
not be the characteristic functional of a countably additive Gaussian measure on B(X) unless 
P(t) • £+c(X). An example is the cylindrical Brownian motion {W(t),t >_ 0} whose eovariance 
is given by 
E {(W(t) ,~)  2 } = t ll~ II 2, 
and the characteristic functional is given by 
(10) 
r(e i(w(t)'') ~) = e -('/2)II'I12, ~ E X. (11) E 
There is no countably additive measure corresponding to this functional. In fact, the measure 
corresponding to this functional is only finitely additive and represents he white noise measure, 
which is not supported by X. To catch the support of this measure, one must extend X to a 
larger space. We present below some results that guarantee countable additivity of the measure 
induced by the mild solution (2) of the system (1). 
THEOREM 3. SupposeA • g(X,M,w), a • L:(E,X), aQa* • £+c(X) and P0 • £+c(X). Then, 
t'or each finite t >_ O, the measure Pt, defined by pt(r) - P{x(t) • r}, r • B(X), is a countabIy 
additive Gaussian measure. 
PROOF. It is clear from the expression (4) that P(t) • £+(X) for each finite t. Thus, it suffices 
to show that, for any complete orthonormal system {zi} • 'X ,  ~']~(P(t)xi,xi) < co. From the 
expression (4), we have 
fo t (P(t)zi ,z i)  = (PoT*(t)zi ,T*(t)zi)+ ((aQa*)T*(s)zi,T*(s)xi)ds. 
Since P0 e L:+~(X), there exists a sequence {hi _> 0} such that ~ ai < co and 
Pox = E otj(x, x j )x  j. 
Hence, (P0 T*(t) xi,T*(t) zi) = ~']~j>_l aj ((T*(t) xi, xj)) 2 and, therefore, 
(12) 
i~1 j>l  
M 2 e 2~t o~ 2 < oo, (13) 
where we have defined the positive sum by a s. Similarly, since Qq - (aQcr*) E £+c(X), there 
exists a sequence {/~j > 0}, such that Q~ z -- ~ flj ( x, xj) xj. Hence, for s > 0, 
5: E II - < 
i~1 j>l  
Again, denoting the positive sum by j3 2, we have 
(14) 
(15  
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Using (13) and (15), we obtain 
((:)) E(P( t )  zi, z i )<U u a 2+ ~ e ~ '<oo.  (16) 
i>_t 
Since this estimate is independent of the orthonormal sequence chosen, we can conclude that, 
for each finite t > 0, P(t) E £+~(X) and, therefore, by Minlos-Sasonov theorem, the measure 
#t induced by z(t) is a countably additive Gaussian measure on B(X). This completes the 
proof. | 
Even though, for each finite t, Pt may be a countably additive Gaussian measure, its limit, if one 
exists, may not be countably additive. In the following theorem, we present sufficient conditions 
for the existence of a limit measure. Let .M(X) denote the space of measures on B(X). 
THEOREM 4. Suppose the basic assumptions of Lemma 1 hold and, further, assume that 
A E ~(X,M,- / f ) ,  for some 6 > O, and that the spectra/set ~(A) of the generator A consists of 
a countable set of eigenva/ues {hi, Re hi < O} having finite multiplicity, with a corresponding 
set of eigenvectors {xi } E D( A ), which is orthonorma/ and complete in X. Then, there exists a 
unique (countably additive) Gaussian measure poo E Ad(X) to which the measure Pt converges 
in the w*-topology whenever any one of the following conditions hold: 
(1) ~,{( (vqv* )x , ,x , ) / I  Re h,I} < oo.  
(2) ( . 'Q~")  e z:+(x) ,:,,-,d E ( I / I  Re .X,l) < oo. 
(3) (~Qa*) e £+,(x)  and Inf{l Re h,l} _ ~ > o rorsomo~. (17) 
(4) Q = I, ((va*) e £%(x) and Inf {I Re hil} > ~ > O. 
(5) E = X,v  = I,Q ~ £+~(x) and Inf { I Re hill __ ~ > 0. 
PROOF. Since P0 E £(X) and A E G(X,M,-6) ,  implying IIT'(t)ll = IIT(t)ll _< Me -~', t _> 0, 
we have 
lira (P0 T* (t) ¢, T* (t) I/) = 0, for each pair ¢, t/E X. (18) 
t.-* oO 
Clearly, by virtue of the assumptions that Q E £+(E),~ E £(E,X),  and that T(t),t >_ O, is 
exponentially stable, the integral in (4) converges. Hence there exists a unique poo E £+(X) 
such that 
, ((~rQa*)T*(s)¢,T*(s)y)ds - (poo~,y), (19) 
for all ~, ~ E X. Thus, we have proved that P(t) converges to poe in the weak operator topology 
as t --, oo. Hence, for ~ E X, 
~o,(~) =_.tSna fx  e'("e) p,(dx) = exp{-(l/2)(P°°~, )} - ~o°°(¢), (20) 
where ~t is given by the expression (7). This, however, does not guarantee the existence of a 
countably additive measure. For this, we must show that poe E £+e(X) under any one of the 
conditions (1)-(5). Since A zi = ,~i xi, T* (t) xi = (exp~i t) xi, where ~i is the complex conjugate 
of the complex number hi. Hence, 
/o /o" (P°°zi,zi) = ((trQa*)T*(s)zi ,T*(s)xl)ds =
= (( (vQv' ) . , ,z , )121 Re h,I). 
((u O ~*) xi, xi) e -21 Re ~,l,ds 
(21) 
Therefore, by (1), we have 
1 
y~(pooz,,z,)  = 2 ~ (((~Q ~*)~,,~,)/I Re ~,l) < o~. (22) 
i>t i_.t 
Since the convergence of the series is independent of the orthonormal sequence chosen, poo E 
£n+e(X). This proves nuclearity under condition (1). Clearly, the condition (2) also implies 
finiteness of the series in (22). For (3), note that if (aQa*)  E £+e(X) and IRe hil >_ ~ > 0, then 
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1 (ecox,.x,)  <_ < oo. 
Again this shows that Pco is nuclear. This verifies (3). Similarly, one can emily verify the nu- 
clearity under the conditions (4) and (5). Hence, by the Minlos-Sasonov theorem, there exists a 
unique countably additive Gaussian measure/,co E A~(X), so that/Jr w*/jco. This completes the 
proof. | 
REMARK 5. The assumption that the generator A has discrete spectrum is always satisfied if 
its resolvent R(A, A) is compact for some A E p(A), see [4, Theorem 6.29, p. 187]. Most of the 
differential operators have this property. 
Note that, for mere existence of poo and hence, that of ~co(~) -- exp-  ((1/2)(Pco~,~)), 
nuclearity of neither P0 nor (~0~*) is necessary. It is only required when one demands a countably 
additive measure; otherwise, PC° may generate a generalized Gaussian measure whose support is 
a larger space containing X as a dense subset only. Further, note that Theorem 4 rem~inR valid 
without requiring P0 to be nuclear. 
In general, we can define a family of operators ~Ut,t _> 0} in .~(X) by pt - Ut v, t _> 0, where, 
to each initial distribution v E jV[(X) corresponding to the initial state x0, there corresponds a 
measure ~t associated with x(0 , where = represents he mild solution of the system (1). The 
family of operators Ut, t >_ 0, satisfies the semigroup roperty and one can easily verify that it is 
weak-star continuous on .M(X). 
COROLLARY 6. Under the assumptions of Theorem 4, the operator equation 
PA* +AP+#Q{r*  = 0 
in £(X) has a unique weak solution poo E £+c(X), in the sense that 
(23) 
(e °° A" n)x + (Vco¢, A'n)x + (0 v" n)z = 0, for All n e D(A'). (24) 
Further, this is given by the limit in the weak operator topoloKy of the weak solution of the 
operator differential equation 
('did) P(t)= P(t)A* + AP( t )+¢Q¢*t>O,  
e(o) = P0, (25) 
that is, weak limt_co P(t) = Pco. | 
STABIL ITY  AND ROBUSTNESS OF  MEASURES 
The following result asserts the stability of the limit measure with respect to a class of pertur- 
bations of the initial measure corresponding to Zo . 
COROLLARY 7. Let .A/0(X) C .Ad(X) denote the family of measures having a fixed compact 
support in X; and/~oo the limit measure of Theorem 4. Then the measure pco is stable relative 
to initial perturbations .A/'0(X). In other words, limt_.co Ut (JV'0(X)) = pco. | 
The following result asserts stability of the limit measure with respect to a certain class of 
structural perturbations. 
COROLLARY 8. Consider the system (1) and suppose the operator A E {~(X,1,-6) and is per- 
turbed additively to A + xjB, where J C [0, oo) is a bounded interval, XJ is the characteristic 
function of the set J, and B is dissipative and relatively A-hounded with relative bound less 
than 1. Let vt denote the measure induced by the perturbed system and pco the limit measure 
of the unperturbed system. Then, w* -- ~lmt-.co vt = pco. 
PROOF. The proof is based on Equation (2) and the expression for the covariance operator P(t), 
as in Equation (4) with T(t) replaced by the perturbed semigroup whose existence isjustified by 
the perturbation theory of contraction semigroups, ee [1, Corollary 3.3, p. 82]. | 
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Let rr denote the topology on G(X, M, w) induced by convergence ofthe resolvents in the strong 
operator topology. That is, A, r .  A, if for ~ E p(An)(3 p(A), n K N, (~ I -  A, )  -1 -- R(~,An) 
converges in the strong operator topology in £(X) to R(~, A). 
For convenience of notation, we shall use G(m, P) to denote the family of X valued Gammian 
random variables with mean vector m and covariance operator P. 
THEOREM 9. Consider the family of stochastic systems dz = An z dt + a ~ ~th  initial state 
z0 E g(mo,Po) with mo E X and Po • £+c(X). Suppose {An} • G(X,M, -6) ,  6 > 0; 
a • £(E,  X), Q • £+c(E). Let iJ~ and ~Jr denote the measures corresponding to the processes z ,  
and z, which in turn correspond to An and A, respectively. Then, there ex/sts a p • Ad(X), so 
that the following result holds: 
(An) I~t t-)~ n 
w* ) p 
T ~* tU* 
P 
(A*) I gt w" > g 
t--~ 
where the double arrow denotes correspondence and the single arrow denotes convergence with 
w* indicating the w*-convergence in Ad(X). 
In fact, we have the following more general result. 
THEOREM 10. Consider the family of systems 
dz = An z • + an dW, with z0 = Z0,n • G(mo,,, Po,,), (28) 
with {An} • G(X,M, -6) ,  fern} • £(E,X) ,{mo, ,} • X, and {P0,,} 6 £+c(X). Then thereexigts 
a p • .&4(X) so that the following result holds: 
( m P 
O, n' Ot n' 
( m , P , 
o o 
A m , ~ ) 
n n 
Tr TsOJ 
A*, ~ ) 
n t-)c0 
I Pt n 




I ~zt w* > f~ 
t-~o 
where w denotes weak convergence and l"wo (resp. rjo) denotes convergence in the weak operator 
topoloKy (resp. strong operator topologjO. 
PROOF. (outline) Proofs of Theorems 9 and 10 are based on the Trotter-Kato theorem [1, The- 
orems 4.2, 4.4, pp. 85-87], and the theory of Fourier transforms, that is, the characteristic func- 
tionals of measures. Under the given assumptions on the set {m0,,, P0,,, An, an}, we prove, using 
the Trotter-Kato theorem, in particular Theorem 4.2, that the covariance operator Pn(t), for each 
finite t _> 0, is convergent to an operator P(t) E £:+(X) in the weak operator topology of ~(X) 
as n --* c~. Hence, for each finite t _> 0, the sequence of characteristic functionak ~(h) ,  h E X, 
converges to a characteristic functional ~t(h) as n - .  ~ .  Since P0 6 ~:+(X), a" 6 ~:(E,X), 
m0 E X and A 6 ~(X ,  M, -6 ) ,  one can easily verify that P(t) converge8 in the weak operator 
topology to an operator P~ • ~+(X)  as t - .  c~, and, hence, ~t converges to a characterktic 
functional ~ of a Gaussian measure p as t -* c~. Similarly, for each pmitive integer n, one can 
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argue that ~ converges to a characteristic functional ~n as t --~ oo, and then, taking the limit 
with respect o n, one can again verify that ~n converges to one and the same limit ~. This 
completes the outline of our proof. II 
The results of Theorems 9 and 10 do not guarantee countable additivity of the limit measure 
(see Theorem 4 ). 
REMARK 11. Note that if the last loop in each of the above diagrams is omitted, the results 
remain valid for the space of generators Q(X, M,w) of C0-semigroups in any reflexive Banach 
space X. 
REMARK 12. The assumption that the operators {A, An } are generators ofexponentially stable 
semigroups i not required. It suffices if they are merely asymptotically stable semigroups and 
the limit 
lira (Qa*T*(s)h,a*T*(s)h)ds 
~ -'.* 00  
exists for each h E X. 
We conclude this section with the following thoughts for the reader. In some applications it
may be interesting to have some information on the fractal or Hausdorff dimensions of supports 
of measures arising from stochastic differential equations. Let pt,t >_ O, denote the measure 
induced by the solution of any stochastic differential equation in X. For c > 0, and t > 0, let 
Bt,t denote the smallest subset of X for which pt(B~,t) = pt(X\B~,t) < c. In other words, most 
of the mass is concentrated onthe set Bt,t. It would be interesting to examine and estimate the 
Hausdorff dimension dH(B~,t) of the c-support B~,t of the measure Pt, and possibly its variation 
with t, including possible limits as t --* ~ .  Further, one may consider the stability of dlf(Bt,t) 
under perturbations of the semigroup generator and other parameters. 
COMMENTS ON APPLICATIONS 
The author believes that the results presented above will have interesting applications in the 
study of robustness ofoptimal feedback controls for systems described by stochastic nitial bound- 
ary value problems with noisy boundary data as considered in [5-7]. This question has not been 
addressed in the literature. The author hopes to consider it in a forthcoming paper. 
We also have similar results for reflexive Banach spaces. For nonreflexive Banach spaces the 
question is open. However, some partial results can be proved for measure valued stochastic 
processes as given by the filter equation discussed below. The equation for nonlinear filtering of 
a Markov process ~ with infinitesimal generator A, in its weak form, is given by 
dpt(f) = pt(Af)dt + (pt(f ao 1 h), dWo) (27) 
P0(f) = r( f ) ,  for / 6 D(A). 
Here, pt is the unnormalized measure valued process associated with the conditional probability 
measure P( l~)  of the Markov process ~(t), t > 0, in R" with A being its infinitesimal gen- 
erator. ~'~ - a{y(s),0 < s < t} is the smallest a-algebra with respect o which the observed 
process y(t),t >>_ O, given by 
dg(t) = h (~(t)) dt + ao(t) dWo, y(0) = 0, (28) 
is measurable. The measure pt is related to Pt by the following expression: 
P t (F I~)  = (pt(F)/pt(R")), for any P E B(R"). (29) 
Here, Pt solves the mean square filtering problem, that is, the problem of estimating functionals 
of ~(t), given the observation {y(s), 0 < s < t). Again, for this problem, we prove the robustness 
of the filter, that is the measure pt, with respect o the generator A, and the other system 
parameters such as h, a0, ~r. In fact, we can show that p is Lipsehitz continuous, with respect o 
the parameters a o l h and r. 
Most importantly, we can prove continuous dependence of the measure valued process p on 
bounded perturbations of the Markovian generator A. For robustness ofthe filter and application 
to partially observed control problems, it would be more desirable to admit at least relatively 
bounded perturbations. This seems to be an open problem. 
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